Abstract. In the present investigation, free vibration analysis of functionally graded material (FGM) plate is performed incorporating higher order shear deformation theory in conjunction with C0 based finite element formulation. The cubic component of thickness term is incorporated in in-plane fields and constant variation of thickness is assumed for transverse component. The theory incorporates the realistic parabolic variation of transverse shear stresses thus eliminates the use of shear correction factor. Aluminium/Zirconia plate is considered for the analysis and the effective properties are assumed to have smooth and gradual variation in the thickness direction and remain constant in in-plane direction. The spatial variation of properties pertaining to homogeneous and FGM plate is estimated by means of power law, which is described by the four parameters. With respect to dynamic analysis, it is vital for an analyst to know whether the top of the plate is ceramic or metal rich, and inversely bottom of the plate is ceramic or metal rich. This phenomenon can be described by choosing the appropriate values of the parameters appears in the power law. In the study, prominence has been given to study the influence of power law parameters on frequency response of FGM plates so as to accomplish different combination of FGM profiles. Thin and moderately thick FGM plates are analyzed to generate the frequency values of the FGM plate. The imperative conclusions presented regarding the choice of parameter in the power law could be useful for designer to arrive for particular material profile of FGM plate.
INTRODUCTION
In view to eliminate the various shortcomings like, delamination, huge stiffness jump and stress discontinuity across the layer interface proffer by conventional composite materials, a new class of materials are in demand by the research community to arrive for optimum and accurate design of structural elements. With regard to this, advanced composite materials with inhomogenous anatomy are discovered by Japan scientists and introduced to the engineering society to serve under different operating conditions. Typically, FGMs are manufactured by using powder metallurgy techniques, where the two distinct materials are combined to extract their individual superior properties. For the purpose, metal and ceramics are usually united to form FGM structures, which are decidedly applicable in thermal environments e.g., nuclear structures, space shuttles and automotive industries. Moreover, tailoring of FGM material is probable to suit the various practical demands, by virtue of their smooth and gradual variation of properties in the preferred direction. Due to the aforementioned benefits, their vibration response becomes crucial for the safe and optimum design of structure under consideration.
A wide range of publications are recorded in the scientific literature for dynamic analysis of FGM plate and shells concerning various numerical and analytical tools. This is evident from the review article by Jha et al. [1] where the studies related to thermoelastic static and vibration are discussed briefly based on the various literature data exists since 1998. They noticed that most of the theories developed so far for the analysis of FGM structures considers the transverse shear deformation and the obtained 2D results are usually validated with 3D elasticity solutions. In spite of large number of vibration studies available for FGM plate and shells, only the studies related to the current topic is discussed for the sake of brevity of the presentation. Yang and Shen [2] analyzed the effect of thermal field on free and forced vibration analysis of functionally graded plates. In the study Reddy's higher order shear deformation plate theory is combined with Galerkin technique. They observed that the vibration response of homogeneous plate do not show any intermediate sense, and this tendency is particular when material properties are temperature dependent. Further the authors [3] extended their work to examine the free vibration and stability analysis of FGM cylindrical shell panels under thermo-mechanical environment. Reddy's higher order theory, Galerkin technique and Blotin's method are applied to study the response of the FGM shell panels. Qian et al. [4] presented the static and dynamic analysis of functionally graded plates incorporating higher order shear and normal deformable plate theory. Isvandzibaei and Moarrefzadeh [5] performed the free vibration analysis of FGM shells and influence of different material and geometric parameters on frequency characteristics of shell are discussed in the investigation. Free vibration characteristics of functionally graded cylindrical shell using Reddy's higher order shear deformation theory is performed by Setareh and Isvandzibaei [6] . Static and free vibration analysis of functionally graded material plate considering variation of transverse displacement field is investigated by Talha and Singh [7] . They used variational approach to derive the fundamental equations and considered traction free boundary conditions on the top and bottom faces of the plate to solve for the unknown polynomial terms. Abrate [8] carried out the static, buckling and free vibration analysis of functionally graded plates and pointed out that, the natural frequencies of functionally graded plates are always proportional to those of homogeneous isotropic plates. Uymaz and Aydogdu [9] carried out vibration analysis of FGM plate and they used Chebyshev polynomials to express displacement fields along with Ritz method. Ebrahimi and Rastgo [10] investigated the free vibration behavior of functionally graded circular plates integrated with two uniformly distributed actuator layers made of piezoelectric material based on classical plate theory. In course of time meshless based method attained popularity due to the absence of mesh technique. In this connection, global collocation method in conjunction with the first and the third-order shear deformation plate theories are used to analyze free vibrations of functionally graded plates by Ferreira et al. [11] . Other studies include vibration analysis of FGM structure under linear, non linear, dynamic and electrical field [12] [13] [14] [15] [16] [17] . All the research works so far discussed employs either power law or exponential law to derive the effective properties of ceramic and metal as well. In recent times, Tornabene and his associates [18, 19] incorporated the power law type equation modeled with four parameters for the calculation of material properties. In the research, the author established that different material profiles (metal at top and ceramic at bottom, both top and bottom ceramic, top and bottom are occupied by 50 percent ceramic and 50 percent metal and perhaps other combination also) are possible, by means of appropriate selection of variables. Generalized differential quadrature technique is employed to decompose the governing equations of the plate. A vast number of examples are presented along with the different mode shapes for various types of FGM structures. The kinematic relations are based on the first order shear deformation theory which assumes the linear variation of transverse displacement through the thickness.
It was noticed that some practical design requirements often demands combination of FGM material profiles to meet certain design criteria. Such a demand can be fulfilled by use of suitable general power law distribution reported in the literature that comprises of four parameters to describe the material profile along the thickness direction. The studies so far performed on this topic are based on first order shear deformation theory. For the realistic analysis, it is important to incorporate the actual transverse stress profile in the displacement field. Such an analysis will predict the accurate global response of the plate under loading conditions, in exact sense. To fill this gap, an attempt has been exerted by the authors to study the free vibration analysis of FGM plates using higher order shear deformation theory. A four parameter power law reported in the literature is adopted to estimate the volume fraction of ceramic and metal constituents. Further, the effect of parameters exists in the power law distribution has been studied by performing different numerical examples. Thin and moderately thick plates with different boundary conditions are incorporated in the developed MATLAB (R2011b) code. Conclusions regarding choice of various parameters exist in the power law, type of boundary conditions and thickness ratio could serve as crucial date for researchers involved in FGM analysis. Section 2 elaborates the assumed kinematics field incorporating transverse deformation mode along with the constitutive relationship of FGM material. In Section 3, various numerical examples performed are briefed and to finish, the important key points with respect to the free vibration analysis of four parameter FGM plate are arranged in conclusion part.
MATHEMATICAL FORMULATION AND MATERIAL PROPERTIES

Four parameter power law and constitutive relationship
In general FGM are characterized by their gradual and continuous variation of material properties along the chosen direction (usually thickness direction), hence it is prime factor to capture the accurate particle size distribution in spatial direction. To incorporate this phenomena many methods were addressed and subsequently employed in the literature by various researchers. Self consistent scheme [20] , Mori-Tanaka scheme [21] , power law [22] , exponential law [23] and sigmoid function [24] are few to cite. Each method has is own superiorities to define the material distribution in a FGM plate. Most of the researchers prefer the power law function to estimate the given material properties [7, 11, 13] . In recent times, Tornabene and his associates [18, 19] established a simple four-parameter power-law and it is given by
It is to be noted that, unlike the conventional distribution, the present power law distribution is described by the three parameters a, b, c and power law variable p in the expression. Such a representation would enable the designer to opt for different material profiles such as ceramic at top and metal at bottom, similarly, metal at top and ceramic at bottom and many others. The power law exponent p in the formula assumes the value between zero and infinity to represent different cases of FGM plates. For instance, the value of p = zero, represents homogenous case of ceramic plate, while in other hand the value of p = infinity resembles the FGM plate occupied by metal segment. The user can vary the range of power law exponent in between zero and infinity to get the plate with gradation properties. Different material combinations of FGM distributions are probable by Eqs. The constitutive relationship of functionally graded plate assuming plane stress condition (σ zz = 0) may be written as,
where stiffness co-efficient (Q ij ) contains the terms Young's modulus (E) and Poisson's ratio (γ), in which E alone is the function of depth since the properties are assumed as temperature in-dependent.
Utilizing the available expression from Eqs. (1a) and (1b), one can arrive at the material properties of the FGM plate in the following manner.
The subscripts 'b' and 't' represent the bottom and top portion of the FGM plate which are usually represented by metal and ceramic, respectively. In the present study, Young's modulus (E) and density (ρ) and treated as position dependent and Poisson's ratio (ν) is assumed to be constant of 0.3. Throughout the analysis, the functional relationship of V c + V m = 1.0 between the ceramic and metal has to be maintained.
Displacement function
A Reddy's higher order theory [25] has been implemented in the present study which accounts for the parabolic distribution of transverse shear stresses in the plate. In the theory, the in-plane displacement fields (u and v) are expanded as cubic functions of the thickness coordinate (z), while the transverse displacement (w) variable has been assumed to be constant through the thickness. Any other choice of displacement field would either not satisfy the stress-free boundary conditions or lead to a theory that would involve more dependent unknowns than those in the first-order shear deformation theory [25] . Since the theory assumes the accurate profile of the transverse stress components, the use of shear correction factor could be avoided efficiently. According to Reddy's higher order shear deformation theory [25] , the in-plane displacements (u and v) and transverse displacement (w) are expressed in terms of corresponding displacements at the mid surface (u 0 , v 0 and w 0 ) by the following expression.
where the parameters u 0 , v 0 and w 0 are the displacements of points which are in the midsurface (i.e., reference surface) of the plate and θ x , θ y are the bending rotations about the y and x axes respectively. ξ x , ξ y , ζ x and ζ y are higher order terms appears in Taylor's series expansion and are solved by the condition of zero transverse shear stains (γ xz (x, y, ±h/2) = γ yz (x, y, ±h/2) = 0) at the top and bottom of the plate. After incorporating the necessary boundary conditions the final displacement field turns into following form.
It is important to mention here that the above form of displacement components represented by Eqs. (5) may invite the problem of C 1 formulation, due to the existence of first order derivatives of transverse components appears in the in-plane field. To overcome the difficulties associated with the C 1 formulation, in the present work, the derivatives of transverse displacement in in-plane displacement fields are replaced by the separate field variables, thus ensuring the C 0 formulation i.e., γ x = θ x + ∂w ∂x and γ y = θ y + ∂w ∂y . In practice, C 0 elements are preferred rather than C 1 elements and for further details regarding the C 1 and C 0 formulation the reader can refer any standard text book of finite element method [26] . A nine noded Lagrangian element modeled in the study is depicted in Fig. 2 . Hence the displacement vector corresponding to each node can be represented as {X} = {u, v, w, θ x , θ y , γ x , γ y }. Each node has seven nodal unknowns and thus a total of sixty three unknowns are estimated at element level. The derivations regarding strain-displacement relations and equilibrium equations are briefly discussed by the authors elsewhere [27-29], and not discussed here for the sake of space management.
The governing equation for free vibration analysis is given by, [
where matrix [C] and [F ] represent the shape functions and thickness co-ordinate terms, respectively, and given in Appendix A.
[
where [B] is the strain-displacement matrix and [D] represent the rigidity matrix depends on material constitutive properties in Eq. (2). The corresponding strain-displacement relation is given in Appendix B.
The right hand side zero of the Eq. (6) represents the problem of free vibration analysis. The mass and stiffness matrices formed at element level are assembled to get stiffness matrix at global domain. This can be achieved by taking the contribution of all the plate elements. The skyline storage scheme is used to store the elements in global stiffness matrix. A standard eigen value algorithm is utilized to extract the mode shapes of the FGM plate. The detailed steps involved in the algorithm are given in Appendix C.
NUMERICAL RESULTS AND DISCUSSION
A computer code is developed in MATLAB environment based on the above formulation that accounts for the realistic parabolic variation of transverse stresses through the thickness. For the purpose of generating results, Aluminium/Zirconia plate is considered for all the numerical examples performed, unless otherwise specified. It is to be noted that, the bottom of the plate is enriched with Aluminium, while the top of the plate is made of Zirconia. The material properties of the FGM plate are: E = 168 GPa, ρ = 5700 kg/m 3 for Zirconia (ceramic), and E = 70 GPa, ρ = 2707 kg/m 3 for Aluminium (metal). Since the effect of Poisson's ratio on deflection is insignificant [26], a constant value of 0.3 is assumed for both the materials. A square plate (a = b = 1 m) is considered with different boundary conditions (simply supported, clamped and simply supported-clamped) to tabulate the results. To study the influence of parameters a, b, c and p that appears in Eq. (1a), thin (h = 0.01) and moderately thick (h = 0.1) plates are assumed in the numerical part. The present formulation has been validated for number of analyses with respect to rectangular and skew FGM plates and reported by authors in their earlier works [27] [28] [29] . In the present study, the prominence has been exerted to study the influence of parameters a, b, c and p on frequency of FGM plate. Such a topic could able the designer to choose the appropriate value of power law parameters to solve for real time applications.
The values of first six natural frequencies for simply supported thin and moderately thick FGM plate is furnished in Tabs. 1 and 2, respectively. Three types of power law profiles are considered for each case for example, classic, symmetric and asymmetric. The exact values of power law parameters (a, b and c) chosen for each case are furnished in Fig. 1 . The value of power law exponents ranges from p (0 < p < 20). The case of p = 0, represents the homogenous case of ceramic plate. In both Tab. 1 and Tab. 2, it is manifested that the elevation of power law exponent from homogeneous to FGM plate increases the frequency of FGM plate. This trend is observed as common phenomenon in all the three profiles (classical, symmetric and asymmetric). The reason attributed is that the increase in metal content corresponds to low stiffness thus reducing the frequency as the power law exponent rises. Further for all the three profiles considered, the value of p = 0, produces the same frequency, due to the isotropic property of plate. In Tab. 1, the symmetric profile exhibits high frequency value followed by asymmetric and classical profiles, when the power law exponent ranges from 0 to 1. Beyond the linear range (p > 1), the classical FGM plates produces higher frequency, thus ensuring the high stiffness of the plate under consideration. The low values of frequencies are recorded for thin plate compared to moderately thick plates as expected, considering different values of power law exponent. The observations regarding the influence of chosen profile on frequency extracted from Tab. 1 are analogous for Tab. 2 also. Since the symmetric profile of FGM plate ensures the ceramic segment at top and bottom of the plate (refer Fig. 1(a) ) having high stiffness, shows better performance compared with other two cases of FGM profiles. The free vibration results of Aluminium/Zirconia thin and moderately thick plate with clamped boundary is furnished in Tabs. 3 and 4, respectively. Because of the high bending nature of the clamped boundary, the higher values of frequency are reported for both the cases. The observations regarding the profile type on natural frequencies drawn from Tabs. 1 and 2 holds true for Tabs. 3 and 4 also, except the frequency values are higher for the later case. In Tabs. 5 and 6, the simply supported-clamped FGM plates are considered to generate the frequency values. Intermediate values of frequency are recorded, since two of the edges correspond to simply-supported boundary, thereby reducing the total stiffness of the plate. Once again, symmetric profile is turned to be a better choice compared with classical and asymmetric profiles, by virtue of high stiffness at top and bottom of the plate. Further to show the influence of each parameter on frequency, three examples are illustrated. In all the cases, one of the parameter is varied, whilst remaining two parameters are treated as constant. The value of power law exponent is varied from 0 to 100. Table 6 . Natural frequencies of four-parameter FGM plate for first six modes (simply supported-clamped, h = 0.01)
Classic Fig. 3 depicts the free vibration results of FGM plate in which the parameters b and c are kept constant and the parameter a is varied from 0 to 1.2. In all the cases, a ceramic line is established which contributes high stiffness to the plate. A fast descending behavior of frequency is discerned as the plate turned from isotropic to FGM case. Because the increase in value of power law exponent tends to reduce the stiffness of the plate further for all cases. In some cases, the natural frequency of FGM plate exceeds the limit case of ceramic plate. For particular, in frequency mode 5 and 6, lower value of the parameter a (0.2 to ∼ = 0.8) exceeds the maximum frequency of the plate. This is due to the choice of parameter b and c to decide the frequency value. In particular, the types of vibration mode that ensures this type of monotone decrease of frequency are torsional, bending and axisymmetric mode shapes. In Fig. 4 , the parameter b is varied from 0 to 1.2 while other two parameters are kept constant. A convex type of descending behavior is discerned in all the type of frequency modes. For homogeneous case of plate, all the cases merge at same frequency value. Beyond certain value of power law exponent (say p ∼ = 25), the frequency of plate considering different values of the parameter b establishes stable path. Hence it can be inferred that change in value of the parameter b has no significant effect beyond certain value of p. The first six mode shapes of FGM plate for several ranges of the power law parameter c is exhibited in Fig. 5 . The value of c = 1, establishes the ceramic line corresponds to high stiffness of the plate. For further value of c (c = 3, 7, 9 and 11), a steep tendency of frequency value is noticed. Exceeding the power law exponent beyond 40, shows stable point for all the cases of c considered, except for the case c = 1. Further in mode 5, the value of the parameter c corresponds to 3, exceeds the limit case of ceramic plate due to the choice of the other parameters a and b. This behavior depends on the type of vibration mode and value of the parameter c.
CONCLUSIONS
An efficient C 0 based finite element formulation is presented for free vibration response of four-parameter functionally graded plates in conjunction with higher order shear deformation theory. Four parameter based power law function is utilized in order to estimate the volume fraction of ceramic and metal components. The four parameters exists in the power law expression describes the various material profile of functionally graded plate along the thickness direction. To perform the numerical examples various combination of parameters are considered. Natural frequencies of free vibration of FGM plate are presented in the form of tables and figures.
Classical, symmetric and asymmetric profiles are generated by the suitable assumption of value of power law parameters. It was noticed symmetric profiles exhibits maximum frequency value for certain value of power law exponent (p > 1) and this tendency is irrespective of the plate thickness and boundary condition. Variation of single parameter in a power function leads to fall-off in frequency parameter when the power law exponent rises. Due to the choice of other two parameters in the power function, for certain types of modes, the plate with gradation properties records frequency greater than homogenous ceramic plate. For a designer it is vital to acquire the knowledge about the material distribution of plate (either ceramic or metal) at the top and bottom to meet the practical demands. Henceforth, the free vibration of FGM plate based on four-parameter power law could serve as key topic from dynamic point of view.
[ where ξ and η represents the natural co-ordinate system of the element (Fig. 2) . 
